
Envelopes in a CAS environment 
Th. Dana-Picard – N. Zehavi – G. Mann 

ndp@jct.ac.il – nurit.zehavi@weizmann.ac.il – gioramann1@gmail.com 
  

Definition: A 1-parameter family of plane curves is given. A curve tangent of all the curves in the 
family is called an envelope of the family  

D. Hilbert (1900): “… who would give up … the picture of a family of curves or 

surfaces with its envelope which plays so important a part in differential geometry, 

in the theory of differential equations, in the foundation of the calculus of 

variations and in other purely mathematical sciences? “ 
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No envelope: why? 

Didactic animation with CAS:  
usage of the slider bar 

Circles centered on an ellipse 

Extension from 2D to 3D: 
 envelope of a family of surfaces – a 

geometric progression family 

A family of ellipses 

Mind-and-machine collaboration  
The symbolic manipulations for eliminating the 
parameter c by implementing fundamental 
mathematical ideas (here algorithms based on 
Gröbner bases) provide a strong example of mind-
and-machine collaboration intended to accomplish a 
specific goal. 

 

2ccyx  1cossin  cycx cycxc  )1()1( 022 222  ccycxyxyx
















0),,(

0),,(

cyx
c

f

cyxf

  

04418

0

3

3
2

3

3
:

3

3
2

3

3
:

)),23((

22332

21

2
2

2

2

2
2

2

1

















 














 














 














 




zyyxzxyzx

xxxx

zyz
z

zyz
x

zyz
z

zyz
x

czccySOLVE

Some applications 

Robot trajectories Sprinkler Heat diffusion 
Diffusion of 
magnetic nano-
particules 
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