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thet signal is found whizh has the minimmm CHeTEY
content.

Expres<iens are then developed for two specinl
nvelving equisp : les.

1) .‘}'U.;np':“" vi t", eqainl fo that ealled for by the sampling

theorem (the “Nyquist rate”).

2) Low-pass signal with

than the reciprocal of the

cases

sample

spacing ouich closer

bandwidth.

Case

Lot f() be a real function to he fitted to the points
(Uil 3= 1;2,8 wrom, ihc redian frequency spectrum

it
of this function is to be bounded @y — b < iw[ < awy 4+ b,

b < . Its Fouwrier transform may be written

=
[-w
o) +infe), @y — b < Lo <y 4 b
0 \

() fie™* dt

]

:f"‘j < &£y — b: :mt > Wy + b! (2)

where we hiave z0f

50} = : (1) cos wi dt (3) -
e fw) = I 1) sin wf 41, )

The inverse transform of ¢() yields the function f(f).
Sinee th 1'3 i‘: real, v.(e) must be an even function and
e, (e) an odd mmcium of @

We wizh to jainimize the signal “energy”

E=o [ ) do

i

T gams
while, simultaneausly, fullilling the » conditions
l watb
= = 2 —Jduly -
= [ ey 521,28 e
# wo—b

Separating the real

LT
-

aginary parts of ¢ and the

- nofe that the Ih-*"f_j: Is of the Jmaginary
ish, and we may write

erpenential

L
ierims van

~wath

1

Yy = 2 j . fo(e) eos of; + efw) sinel] dw.  (6)

Using Tagrangian multipliers, the problem may now
La written ns the minimization of
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— = 2 New) cosel; + o) sin ufj]} e

iTi
Since the derivatives ¢f, ¢! do not oecur, Tulers
equations hiere are equivalent {o the vanishing sepurately
of the derivatives with respect to ¢, This leads to

2N cos wi;
i

and ¢,.

6
n
|
(VI

_E A sinet;. ' )
e substitute (7) into (6) finding
Wt — t) (8)

[V |

To find the A,
= }:siu B(t; — 1) cos (e, —

where we define

ey v W

its limit as £; — £, The A; are then :;,Ex‘cu by solving (8)

Z( ),‘ Yi }Dl ’ % (U)

when

D] # 0.

Tlere we have written

<in hit, — ¢ [
Di — nfj -+ !-—') (an,u({ = {.)}, (]0)

the expres<ion between the bars heing r the typical (\Tr-n‘:‘ ent

of the determinant, and 5, the minor of

sin bt
"_‘""'2 onNs (u,;r{ t,)
ff - &y
in this deteninant.
The existence of /D! i asswmed from here on. Substitut-
. - -
ing (7 mio (3)

™ I
5 Z L f_m ({t: — 1) e
{ - 1
‘The function f{1) is obtained {rom
1 woth

D= [ =7 Gk + i)

Ty i3} dorei-n

t;). (11)

-feos wt — 7sin wf] do,

where the values of ¢, ¢, are given in (7). Symmetry
u_n‘ls'.amrutwns show that the imaginary terms vanish,
so that

= 2o\ “jf‘—t';’-{;fi_—;"—-i‘?) cos w;(z —t). (12)

: i
Inthe case of n = 1, () is net applicable. Equation (8)

beeomes .
#o= b (8')

and hence

N=u/b 97

E = ZN\b = 7422 (117)
sin b

116 = 3 E0 X o wol, (12)

bt

where we have set ¢, 0 withont loss of generality.
To apply the results to the Jow-pass ease, we merely
0. This yiclds
Mg =2 Z (_')I-L;yn'-Di:'/ED[ (Q”)
)

set w, =

B T L sm {o{f — I 1777
W= Z DT
’ sin bt — ) i
B0 =3 2N (12")
H H

Nryqrist RaTe SamrLiNG
1) Consider the sampling points chosen so as to satisfy
£, — f; = my=,/b (13)

where m;; 3s an integer, forall 4, § = 1,2.3 --- 2.
When this condition is met, all the off-diagonal elements
in the determinant D] vanish and

D] =" (11)
o=y /b (13)

(16)

| et

10 =12y 2= oo~ 9. an)

2) Equispaced samples satisfying condition (13) lead to

DAUE — f/m = my;. (18)
To satisfy thisfor 0 — j = 1),
bt = n. (19)

7

With m = 1, this corresponds to Nyquist rate sampling.

Narnow-Baxp Low-Pass SioyaL
In the narrow-land case, the deferminant DI UO)
becomes

lim [D| = [b coswy(t; — )] = b leoswo(t; — 1],
b0

the expression between the bars again being the fypieal
clemnent. This determinant can readily be shown to
vanizh for any spacing for n = 3 and for equipaced
samples for any » > 2. This implies that both the ampli-
tude of the minimum energy funetion
beeeme very large as the bandwidth becomes very small,
unless the munerator of \; vanishes. That is, unless

and its onerey
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@l = 2mry cosel; — 1) = cos 2mr(i — j) =
and the typieal clement of the deterninant D; beeomes
sin 87 — j)
At = j)
where
= bAf,

As the bandwidth becomes ver v small, it is eonvenient

fa expand the o of the detenminant in powers
of 3 and to write
8"
D! = 2\t
i'Dl - A .'BI
where the typical element of B is
= ( Sk
'_} -2k
by = 7“" T (- 1) 15
keu RSN -U
approximation is used, the b,

3 ECIETE
, 230103 ViliiE

I beenes hes forn > 1. In aeneral,
the order of approximation
used must exeeod 2 — 3, Indeed, we show there that, in

Frook
the Hi, D

we shew in Appendix T that

2h he written
ADI BT, 3K 1

where b(n) is a numerical constant. a funetion onlx of n.

Ine primary minors of D are there shown to be

8D s bl tonle,
where b, is again a nunerical constant and
€ =

Oin =1,2mnd 4,

0, 3 mexd 4.

7

£ =

Iin =

ITence, the factor
for the fim

D7D, securring in the expressions
etion and its energy, can be written

+n—29,5K1.

Tahle Tshows the valies of « for the first ton values of n.
For the low-opass case the mininmm enerey for equi-
spaced samples was evaluated for n = 1. 2 in the limit

as g — 0.
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The following results were obtained:
i 1, Ey =7y b = xy7 5/

n=12 FE, = 3=y
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e
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ANALYsIs 0F A CERTAIN DEfEIonxaNT

Introdiction

Here we ¢ mvestigate the behavior of a ecerfain
class of determinants, Specifie ally, we treat those deter-
minants A” whose typical element is
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We seek the form this deterniinant takes ae 3approaches
Zero.

Since the typieal element of B is

= ___,__‘___ , - (_31)

= ot (22)

Vialue of the Determinant

Since we are inferested only in the Bimit, we seck in
the power expansion {in 3) of the determinant only the
term of lowest power with nonvanishing ecoefficient.

However, if we would use only the zero-order term
i the expansion of {20), every element in it would equale,,
and the determinant would vanish forn > 1.

We now deseribe a procedure by means of which we
can elimiuate a 1--‘-‘:_-‘“ nmimber of the lower power terms in
the individual elements withent changing the value of
the determinant, If this procedire leaves 3 noinanis <hing
<hould have

determinant, we determiined the hehavior
of "ALin the Bdt and should 2% have srrived at a zood
method for evaluating it for =mali 8.

We note that determinant remains
unchanged when one of its colinms s subtracted from

1 N -
ine vame o oa

another, element by element.
For Instance, by subtracting each eslumn from its
suceessor i this mawmer, the valoe of the determinant

whanged. We now repeat the process. omitting

Feinains
the first colunm, which had not heen affected by the first
step. We then vepeat this proeess (n — 3) more times,

oinitting the st (’ — 1} colutins the 7th tine 1]

Laath e

C Process

iows that the elements inoan
enainant may be replaced in this manner:
hrow is pplaced by the (j — 1)th
formed by the elenents in this row.

i appled. i
nith-order i
The jth elemen
differcnee of the sevk:

As an example, consider 2 determinant in which the
eloments ineael row form a first-order arthmetie pro-
wression. Mter the previensly mientioned procedure is
applied (o 1t the elements in the first column will be
unchaneed, ments i the second column will all
have thede valiwes egual to the diference of the progression,
Thus, the value of this

tinoen

and all other elements will vanish,
determinant will vanizh forn > 2.
We now nete a fndamental reault of ¢
finite “‘ET«-*-r“"r-m pamely, that the jth diferences of the
series 1, 2737 - are all equal to jTand the (j + ijth
AifTerenees rl;r1.-'{~r;n‘.':1t I vanixh, _
caeh row and each eolunmm

he ealeulus of

- e 20
Now, the eocflicients of 3™ In
forinsneh a 25 th-order arithmetie progression. \pplyving

the previeusly mentioned differcneing method, first to
cach row and then to eaxch echunn, we ind that each

clement may bhe replaced by

al; = Zﬁ-(‘-.‘i.iﬂ:; (23)
L
where e,; 4 is(i + j — 2jth difference of the (2F)th-order
progression (£ — j)*™. The power of the lowest order
nonvanishing term is, then, (1 + j — 2)and (G 4 j — 1)
for even and odd (f 4+ ), respectively.

Since we are investigating ‘Al for 3 — 0, only the
lowest order nonvanishing term of the power series
need be considered in cach element (unless the resitlting
term vanizhes). That is,

2k i & b =
al; e, 80, =1+ 7= 2,1+ jeven

P+ j—1,i+jodd. (249)

We note for future reference that for (i 4 j) even,
€ = (2F)!

On expanding the determinant each term will contain
each valie of 7 and ezch valie of j onee and enly once.
The exponent of 3 in each term may, therefore, e writien

ti-}-Z}'—?n—{nr (23)
r=j L |
Y

&

wheve + is the muuber of factors in the term for which
(' + j) iz odd.

Since omly -the lowest order of 3 is of inferest. we
(‘(J;..\j(’!(-'l‘ only terms for whicli » = 0 and hence,

Yoa = nin — 1) 26)
and the value of the deferminant may be written
Al fa 8 (21)

k!

where the tapical element is

o, = {0+ j—2k., ., i+ jeven
= {3 Jedd (28)
and
: 3 Lo —
20 A =F !

=0 {4 jodd. (28)

Altheugh no proof for the existence of B, in general
has been found, it has been found to exist up ton = 7.

Priwary Minors

Wenow seck thelowest value of the exponents appearing
m the power expansion of the determinant .1, the general

primary minor of Al
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Dgth columm leaves th

(=13},

-1
(P = 1)7 ("l - g)
(n = p), (n —q)
(

n— p), (g — 1), re=pectively,

vise order. Fach of thess consists of
of power series, with the cocfficients
i foreing a arithmetic
v and each column.,

After 2 JJI\U.* ifte “differcineing” procedire deseribed

1 ik

IS Tl—"ﬁ‘f.'vr'-r

the Inwest order term
will have the following exponents:

wr o each of
rach clement a

.i‘.(?.'-‘(‘ }:‘.&".;:-' 3,

)0 <i<p0<j<y:

a;=1i4+j—2 @G+ j)even
o ' L ol
0<i<pg¢<Lj<n

@i=i+j—g¢  (i+ji+qeven
=it+j-q-1,0G+j+ ¢) odd

nog<j<n:

Ty =i+j-p—9  ({+4+j+p+qeven
=it j—p—qg+1.G+j+p+ ) od

Nesignb<Cjig
al; =i+ j—p, (i+j+ p even

-—i+j~p—],(i+j~’-p)nr]d.

We alvo note that the coofficients of the controling
terms in the (7 + )th column are identical to the corro-
Spfnzniin" ones in the (s + 1jth cobumn, for s = 0, I, 2
3, e =g = 1) for 11 iose elements for which (0 4+ j),
e T —!— p+ 1 weevenfori < p, i > p, rog pectively.
On subbmeting the (s 4 1th eolunms from the (¢ + s)th
cobitnms, ling t( s i the clements in the
seeond quadrant with @ £ j + 7) odd and those in the
t«-vrl pendrant wih @ 4§ 4+ p 4 4) even will have
s nerensed by two.
; s of of, may thus be wrilten in
the following array, (Table 11), where the vulie has been
rlseed inthe :';*.-p::r:;r ble epradrant and the UPPOT SUMS CoT-
Lioeven simsof 4, 4, p, g and the lower ones to odd
ce. (In each quadiant the lesser value is under-

tha canirol

1y chown that if, in fr}*‘mi“g one of the terms
ity 7 elements are ¢hosen from the first
andrant, eantriisitions from the varous quadrants will

ated in Table TIL

flore the erce of ¢ > 25 when ? <n "3, thi wame
T after the e eree oo the et H

! «t the absoh

i
e vahie of the de.

AEETIN sl TR R TRY S

toominamte

[TAY }\fh

NATION THEGRY July

| A2

! t+j—qg+1
12
3

i+j-p | iFi=p-g+2

it+j—-p—1 F =+J“‘)-‘"9+1

F: \HI E III

Cuzdrant Number

I' .\wm}urur Setars (‘.,,,mi. ..«d
1 j r
2 1 p—r—1
% f ner—p-g+1
4 i g—-—r—1

By multiplying cach of the underlined values in Table IT
with the corresponding nunibers of factors contnbuted,
as shown in Table 111, the lower limit of the exponent

is found to be
Y Z 28+ 2.7

—r—gp—r=10)-(p+q-1)

Er—p—0g+1) -+ —r-)

ar

’ 2 s

Yoo =04 p" 4+ ¢" = (0 4+ Dp + 9) —p+2i+1},

where the foerin in beaces is added when required to
make ¥L, even. (This means that ene ole mmt in one
guadirant st be ehosen from the un-underlined set.)

Setting the p-devivatives and g-derivatives of this
exprossion equal to zero shows that the Jower limit of
the exponent affains its mininmm when p and 7 equal
(n 4+ 1)/2 2, (n + 2y 2, Tespectively,
integers, these two {f»"-u-"nm ean never he satisfied
cin:1ﬂtﬂw~suwl)' It is found that the mintmn lower limit
is obtained when p = ¢ (n +2),2 (n + 13
even und odd n, respeetively. The 'ﬂun nltained 1]

Sinee p and 4 are

2 for
thien is

Yon = 32 — Dln — {41}

where the term in braces is added when required to
make v%, even.

We conclude that, in the Bmit the 3- exponent of the
corresponding minor of the determinant i'Df is

Sn=vYatn—1=1intn—1)+e
where
e=1,n=0,3mod4
= 0,n

i

1,2 mod 4.

ACKRNOWLEDGMENT

itamen of Prof, AL Tacmmel ix arateinlly
‘uknm\',-r wrl. also a stimulating disenssion on applica-
tions with I L. Fuik.




